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Abstract 

We study the geometric quantization process for twisted Poisson manifolds. 
First, we introduce the notion of Lichnerowicz- twisted Poisson cohomology for 
twisted Poisson manifolds and we use it in order to characterize their prequantiza- 
• tion bundles and to establish their prequantization condition. Next, we introduce 
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a polarization and we discuss the quantization problem. In each step, several 
examples are presented. 
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; 1 Introduction 



Geometric quantization is a useful procedure, founded in differential geometry, that 
allows us to understand the relation between classical and quantum mechanics by asso- 
ciating a quantum system to each classical system. This process consists of attaching 
to each classical system a complex Hilbert space and to each classical observable on the 
phase space of the classical system a quantum observable, i.e., a Hermitian operator on 
the Hilbert space, in such a way that the Poisson bracket of two classical observables is 
attached, up to a purely imaginary constant, with the commutator of the operators. It 
is completed in two steps: (i) the prequantization and (it) the quantization. If M is the 
phase space of the classical system equipped with a symplectic structure u, at the first 
step, one associates to M a Hermitian line bundle tt : K — * M with a Hermitian con- 
nection having as curvature form the symplectic form u. K is called the prequantization 
bundle of (M, u) and exists under the prequantization condition: The cohomology class 
of to is integral. Then, the Poisson Lie algebra (C°°(M, R), {•, •}) acts faithfully on the 
space of cross sections T(K) of tt : K — ► M. At the second step, imposing a polar- 
ization, one constructs the Hilbert space 7i used in quantum mechanics out of V{K) 
and one restricts the problem to a suitable Lie subalgebra of (C°°(M, R), {•, •}) that is 
represented irreducibly on H. For a short introductive presentation of the subject, we 
can consult [14]. For a more extensive, but without too much detail, treatment of the 
problem, we suggest [2] where we can find a complete guide to the literature. We also 
refer, as standard references, the books [20] and [29]. 

The theory of geometric quantization was first developed for symplectic manifolds 
by B. Kostant [11] and J.M. Souriau [21], independently. Their approaches are dif- 
ferent, but equivalent, and they have important applications. Later, it was extended 
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by J. Huebschmann [6] to Poisson algebras and by I. Vaisman [24] (see, also [25]) to 
Poisson manifolds. In [6], the geometric quantization of Poisson manifolds appears 
as a particular case of the geometric quantization of Poisson algebras, while, in [24], 
this quantization is presented straightforwardly, using usual differential geometric tech- 
niques. In [13], Kostant's theory was adapted by M. de Leon et al. for Jacobi manifolds 
and, recently, by A. Weinstein and M. Zambon [28] for Dirac manifolds. 

The purpose of the present paper is to study the geometric quantization problem 
for twisted Poisson manifolds. A such manifold M is equipped with a bivector field A 
of which the Schouten bracket with itself is equal to the image by A" of a closed 3- 
form tp on M. These manifolds were introduced by P. Severa and A. Weinstein in [18], 
under the name Poisson manifolds with 3-form background, stimulated by the works 
of J.S. Park [16], L. Cornalba and R. Schiappa [5], C. Klimcfk and T. Strobl [7] on 
deformation quantization and string theory in which such 3-forms played an important 
role. In order to understand the role of ip on a twisted Poisson manifold (M, A), one 
introduces on the space C°°(M, R) of the real smooth functions on M the bracket 
{/) d} = A(df, dg) and one looks its Jacobi identity which is true up to an extra term 
involving ip. Thus, (C°°(M, R), {•, •}) is no longer a Lie algebra. This result has an 
essential influence on the prequantization procedure of a twisted Poisson manifold as 
is explained in paragraph 4. 

The paper is organized as follows. In section 2 we recall the definition of a twisted 
Poisson manifold, we give some main examples of such manifolds and we introduce the 
Lichnerowicz-twisted Poisson cohomology. In section 3, the notion of twisted Poisson- 
Chern class of a complex line bundle over a twisted Poisson manifold is defined by 
using the concept of contravariant derivative given by I. Vaisman in [24]. Section 4 
is devoted to the formulation of the integrality prequantization condition of a twisted 
Poisson manifold. Several interesting examples are discussed. Finally, in section 5, 
we develop the quantization process of a twisted Poisson manifold by introducing a 
polarization and we present a computational example. 

We mention that the deformation quantization of twisted Poisson structures is dis- 
cussed in the papers [19] and [1] with physical motivation. Also, we note that A. Wein- 
stein and P. Xu developed in [27] an alternative approach to the quantization problem 
of Poisson manifolds by using symplectic groupoids. We believe that we can extend 
their method to twisted Poisson manifolds by using twisted symplectic groupoids that 
are introduced in [4] by A. Cattaneo and P. Xu. We postpone this study to a future 
paper. 



2 Twisted Poisson manifolds 

A twisted Poisson manifold is a differentiable manifold M equipped with a bivector 
field A and a closed 3-form 92 on M, called the background 3-form, such that 

±[A,A] = A«(<p). (1) 

In the above formula, [•, •] denotes the Schouten bracket and A" is the natural extension 
of A* : r(T*M) -» r(TM), given, for all a,j3 G T(T*M), by 

(/3,A»(a)) = A(a,/3), (2) 

to a homomorphism from T(/\ h T*M) to T(/\ h TM), k G N, defined, for all 77 G 
T{f\ k T*M) and a 1: ...,a k G T(T*M), by 

A«fa)(ai, . . . , a k ) = (-l) k V (A\ ai ), . . . , A»(a fc )) (3) 
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and, for any / G C°°(M, R), by A"(/) = /. In the following, a twisted Poisson manifold 
will be denoted by the triple (M, A, <p). 

2.1 Examples of twisted Poisson manifolds 

1) Poisson manifolds: Let (M, A) be a Poisson manifold, i.e., [A, A] = 0, and <p a closed 
3-form on M satisfying A" (93) = 0. Then, (M, A, ip) is a twisted Poisson manifold. This 
happens for 3-dimensional Poisson manifolds. Since ImA' defines a foliation of M whose 
the leaves are of dimension or 2, we have that any three sections of ImA^ are linearly 
dependent on M. Thus, any 3-form tp on M is closed and A$(tp) = 0. 

2) Twisted Poisson manifolds associated to symplectic manifolds I: Let (Mo,wo) be a 
symplectic manifold of dimension 2n, n > 2, and Ao the unique bivector field on Mq 
given, for all a G T(T*M Q ), by i(A^(a))o;o = -a, i.e., A = a£(cj )- Then, for any 
non constant function / G C°°(Mo,R), the bivector field A = /Ao and the closed 3- 
form (/? = —f~ 2 u)Q A ci/ define a twisted Poisson structure on Mq. In fact, by a simple 
computation, we find 

±[A,A] = i[/Ao,/A ] = -(/A )AA (d/) 
= (/A )«(-r 2 ^ Ad/)=A«(( /5 ). 

5j Twisted Poisson manifolds associated to symplectic manifolds II: Let (Mo,wo) be 
a 2n-dimensional symplectic manifold with n > 2 and Ao the nondegenerate Poisson 
structure defined by wo as in Example 2. Then, the triple (M, A, </?), where M = Mo xM, 

A = e*(A + A (d/) A — ) and p = -e^uo A dt, 

t being the canonical coordinate on R and / G C°° (Mo , R) , is a twisted Poisson mani- 
fold. We have 

i[A,A] = I[ e *(Ao + A (d/)A|),e*(A + A (d/)A|)] 
= e 2i A (d/) A A = A fl (-e~*a;o A dt) = A^p). 

^ Twisted Poisson manifolds associated to Poisson manifolds: Let (M,Aq,uj) be a 
Poisson manifold endowed with a 2-form w such that the operator Id + a/ o A Q : 
T*M -> T*M is invertible. Then, the vector bundle map A" = A o (id + a> o A^)" 1 
defines a (— cL;)-twisted Poisson structure on M. (For more details, see [18].) 

5) Twisted Poisson structures induced by twisted Jacobi manifolds: Let (M, A, E,oj) be 
a twisted Jacobi manifold ([15]), i.e., M is a differentiable manifold endowed with a 
bivector field A, a vector field E and a 2-form u> such that 

^[A,A]+i?AA = A' (duj) + (A"a>) A -E (4) 

and 

[E,A] = (A* ® l)(dw)(E) - ((A s ® l)(w)(E)) A E 1 . (5) 

In (5), (A 9 (g)l)(duj) and (A tt ®l)(w) denote, respectively, the sections of (f\ 2 TM)®T*M 
and TM ® T*M that act on multivector fields by contraction with the factor in T*M 
(see, [15]). We consider a submanifold Mq of M, of codimension 1 and transverse to 



3 



E. Let w : U — > Mo be the projection on Mo of a tubular neighbourhood U of Mo 
in M such that, for any x € Mo, tu _1 (a;) is a connected arc of the integral curve of E 
through x. If uj = w*ujq, where ujq is a 2-form on Mo, then, the twisted Jacobi structure 
(A, E,u) of M induces a twisted Poisson structure (Ao,</?o) on Mo, where Ao = 
and ipo = cLujq. In fact, by projecting (4) along the integral curves of E, we get 

i[A ,A ] =Al(duj ), 

while the projection of (5) is annihilated identically. (For more details, see [17]). 

2.2 The Lichnerowicz-twisted Poisson cohomology of a twisted Pois- 
son manifold 

Let (M, A, if) be a twisted Poisson manifold. As in the case of a Poisson manifold, we 
introduce hamiltonian vector fields on M by setting, for any / £ C°°(M, R), Xf = 
A«(d/) and we define on C°° (M, R) the internal composition law 

{f,g} = A(df,dg), f,geC°°(M,R), 

that is bilinear and skew-symmetric but its Jacobi identity is modified by <p: 

{/, {9, h}} + {g, {h, /}} + {fe, {/, <?}} = A«(^)(d/, dg, dh). 

Therefore, (C°°(M, R), {•, •}) is no longer a Lie algebra. In this paper, we will say 
that it is a (p-twisted Lie algebra. Since the Jacobi identity is violated, we cannot, in 
general, define the Chevalley-Eilenberg cohomology of (C°°(M, R), {•, •}) relative to the 
representation defined by the hamiltonian vector fields, i.e., to the representation given 
by 

C°° (M, R) x C°° (M, R) - C°° (M, R) , (/, g) - X f (g). 

However, any twisted Poisson structure (A, ip) on M produces a Lie algebroid struc- 
ture on the cotangent bundle T*M of M, as in the ordinary case. The Lie bracket on 
the space of smooth sections of T*M is given, for any a, (3 € F(T*M), by 

{a,py = {a, J 9} + ¥ »(A*(a),A»( / 9),-), (6) 

where {•, •} denotes the Koszul bracket ([12]) associated to A, i.e. 

{a, 13} = £ A t {a) (3 - C At{fS) a - dA(a, ff), (7) 

and characterized by {df,dg} = d{f,g} and the Leibniz identity {a, f(3} = f{a,{3} + 
{£-Ab(a)f)P- The anchor map is the vector bundle map A" : T*M — > TM defined by 
(2), while, the exterior derivative operator cL on T(f\TM) determined by ({•, - j 1 ^, A") 
is defined, for all P G F(/\ k TM) and cti, . . . , a^+i G T(T*M), by 

^P( ai ,...,a fe+1 ) = E*+ 1 (-l) i+1 A»(a i )(P(ai,...,d i ,...,a fc+ i)) 

+ s i<i<i<fc+i(- 1 ) i+J - p ({"ii "j}^, ai, . . . , &i, . . . , &j, . . . , a k+ i), 

where the hat denotes missing arguments. Since <9^ = 0, (T(f\TM),d v ) is a chain 
complex. 
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Definition 2.1 We call Lichnerowicz-twisted Poisson cohomology (L-tP cohomology) 
of (M, A, <p) the cohomology of (T(/\ TM), d v ). It is denoted by H* L _ tp {M, A, ip) or, for 
simplicity, H^_ tP (M) and, for any k G N, 

Hi tP (M) = MVA^M^TM) 
Im(VA k ~ l TM^f\ k TM) 

with the convention TM = {0}. The cohomology class of any element P G ker(<9 v : 
[\ k TM -» f\ k+l TM) is denoted [P]f>. 

By a simple, but long, computation, we can prove that the homomorphism A" : 
r(A* T*M) -» T(A* TM) is a chain map, namely, 

^oA' = -A a o d. (8) 

Hence, we deduce 

Proposition 2.2 If H^ R {M, R) is t/ie tie Rham cohomology of (M,A,ip), the homo- 
morphism of complexes A^ : (r(/\* T*M), gQ — > (r(/\* TM), d^) induces a homomor- 
phism in cohomology, also denoted by A", 

A»: H* R (M,R) -+ Hl_ tP {M) 

[a] i — ^ [A»(a)]^. 1 J 

//A is nondegenerate, then (9) is an isomorphism. 

3 Twisted Poisson- Chern class of a complex line bundle 
over a twisted Poisson manifold 

Let (M, A, ip) be a twisted Poisson manifold, tt : K — > M a complex line bundle over 
M, r(X) the space of the global cross sections of tt : — > M and Endc(r(X)) the 
space of the complex linear endomorphisms of T(K). 

Definition 3.1 A contravariant derivative D on tt : K — > M is a W-linear mapping 

D : r(T*M) -> End c (r(^)), 
i.e., /or any a, (3 G T(T*M) and / G C°°(M,R) ; 

D a+p = D a + D p and D fa = fD a , (10) 

suc/i i/tai 

A,(/«) = /D a s + (A«(a)/)s, for all s G r(if). (11) 

We say that D is Hermitian or compatible with a Hermitian metric h on 7r : K — > M, 
if, for all a G T(T*M) and si,s 2 G T(K), 

A»(a)(/i(s!, s 2 )) = h(D a8l , s 2 ) + /i(ai,D a s 2 ). (12) 

We note that such (Hermitian) operators on tt : K — > M always exist; it suffices to 
consider an arbitrary (Hermitian) connection V on tt : K — ► M and to put D a = V A tt( a )- 
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Definition 3.2 The curvature Cd of a contravariant derivative D on tt : K — > M is 

the mapping 

C D : T(T*M) x r(T*M) -► End c (r(K)) 
defined, for all a,/3e T(T*M), by 

C D (a, /?) = D a o Dp — Dp o D a — D {a ^ }v . (13) 

Proposition 3.3 Cd is bilinear over C°°(M, R) and skew- symmetric, i.e., 

C D (a, p) = -C D ((3, a), for all a,0€ F(T*M). 

Proof. The skew-symmetry of Cd is an immediate consequence of its definition (13). 
Its bilinearity can be proved by using the linearity (10) and the property (11) of D. □ 

Thus, from the above results and the fact that tt : K — > M is a complex line bundle 
over M, we have that there exists a globally defined complex bivector field II = Ili+ill2 
on M, with Iii,n 2 G T(f\ 2 TM), such that, for all a, p G T(T*M) and s G T(K), 

C D (a,p)(s) = U(a,p)s. (14) 

For more details, we can consult [11] and adapt its results in the contravariant frame- 
work. 

We extend, by linearity, the cohomology operator on the complex multivector 
fields on M by setting, for any P G T(/\ h T C M), P = Pi + iP 2 with Pi, P 2 G T(/\ k TM), 

d v P = d^Pi + id^P 2 . 

Clearly, d 2 = 0. Consequently, (r(/\ TcM), d^) is a chain complex whose cohomology 
will be called the complex Lichnerowicz-twisted Poisson cohomology of (M, A, ip) and 
will be denoted by H* L _ tP (M, A, <p) or H* L _ tP (M). 

Theorem 3.4 Let ir : K — > M 6e a complex line bundle over a twisted Poisson man- 
ifold (M,A,<p), D a contravariant derivative on tt : K — > M, C^> i/ie curvature of D 
and II t/ie complex bivector field on M associated to Cd (14)- Then: 

(i) II defines a cohomology class [II] v m H^ L _ tp (M) . 

(ii) [n] 1 " 5 does no£ depend of the contravariant derivative D. 

(Hi) In the case where D is compatible with a Hermitian metric h on tt : K — > M , II 
is purely imaginary. 

Proof, (i) Let s be a nowhere vanishing local section of tt : K — > M. Since the complex 
dimension of the fibre of 7r : K — > M is 1, we may associate to s a unique complex local 
vector field on M as follows. It is clear that, for any 1-form a on M, ^f^- is a complex 
function on M and the application a i— > is C- linear (10). Hence, there exists a 
unique complex local vector field X = X\ + iX 2 on M, with X\,X 2 local real vector 
fields on M, such that, for all a G T(T*M), 

D a s = (a,X)s. (15) 

We have that 

n = d v x. (16) 
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Effectively, for all a,0€ T(T*M), 

U(a,(3)s ( = } C D {a,(3){s) 

(13) 

= (D a o Dp - Dp o D a - D {ct: p } v ) (s) 

( = ) D a ((f3, X)s) - Dp((a, X)s) - ({a, (3}*,X)s 

{U) ± 15) <J3, X)(a, X)s + A»(a)«/3, X» 

- (a, X)s - A»(/3)((a, - ({a, /?F , X) S 

= d (p X(a,/3)s. 

Consequently, d^H = d^X = which means that II defines a cohomology class in 
H 2 cL _ tP (M) denoted by [lip. 

(ii) Let D be another contravariant derivative on it : K — > M having curvature C^, 
and X the corresponding local complex vector field (see, (i)). We denote by ft the 
corresponding to global complex bivector field on M (14). From (16), we obtain 

u-u = d^x -d^x ^fi = u + d v (x -x). (17) 

Now, for any a G T(T*M), we define the mapping 

D a = D a -D a : T(K) - T(^) 

that is C-linear. Therefore, there exists a globally defined complex vector field X on 
M such that, for all s G F(K), 

D a s = (a,X)s. 

From the last two relations, we deduce that, in the overlapping of X and X, 

X = X - X. (18) 

So, using (18) in (17), we obtain ft = IT + d v X, which means that [ftp = [lip. 

(iii) We assume that D is compatible with a Hermitian metric h on ir : K — ► M and 
let (e) be a local orthonormal basis of r(i^). Then, for all a £ T(T*M), (12) gives us 

A t) (a)(/i(e, e)) = h(A*e, e) + /i(e, D a e) O ( = /i((a, X)e, e) + h(e, (a, X)e) O 



= (a, X) + (a, X) 44> = X + X, 

where the bar denotes complex conjugation. Hence, X is purely imaginary and, because 
II = d^X, we conclude that IT is purely imaginary. □ 

From the above theorem we get the following definition. 

Definition 3.5 Let ir : K — ► M be a complex line bundle over a twisted Poisson 
manifold (M, A, </?), D a contravariant derivative on it : K — > M having curvature 
Cd whose the associated bivector field II is purely imaginary. Then, the well-defined 
cohomology class [^np G H\_ tp {M) will be called the first real twisted Poisson-Chern 
class of 7r : K — > M. 

Next, we will prove that [^np is the image by the homomorphism (9) of the usual 
first real Chern class of it : K — > M. 
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We recall that, given a complex Hermitian line bundle tt : K — > M over a smooth 
manifold M, the first real Chern class of tt : K — > M is an element of the second de 
Rham cohomology of M with integer coefficients and it is denoted c±(K, M), [8]. On the 
other hand, if tt : K — > M is endowed with a Hermitian connection V with curvature 
C v , i.e., for all 1,7 6 T(TM), 

C V (X, 7 ) = V X o Vy - Vy o V X " V [x>y] , 

there exists a purely imaginary closed 2-form Q, on M ([8]) such that, for all s G r(if), 

C v (X,y)(s) = Sl(X,Y)s (19) 

and, in this case, the first real Chern class c\(K,R) of tt : K — > M is just ([11]) 
the integral cohomology class [^rfi] in H% R (M, R). We note that ([11]) the canonical 
injection e : Z — > R induces a homomorphism 

e:i^(M,Z)^i^(M,]R) 

and a class [a] <G H% R (M, R) is called integral if it lies in the image Ime of e. 

Theorem 3.6 Let tt : K — ► M 6e a complex Hermitian line bundle over a twisted 
Poisson manifold (M,A,<p), V a Hermitian connection on tt : X — > M and -D £/ie 
associated to V Hermitian contravariant derivative on tt : K — > M, i.e., /or any a G 
T(T*M), D Q = V A ti( Q ). If c\{K, R) and [^n]^ are, respectively, the first real Chern 
class and the first real twisted Poisson-Chern class of tt : K — > M, i/ien 

A»( Cl (K,R)) = [i-n]^ 

where : H% R (M, R) — > H\_ tp (M) is the homomorphism (9) between the second de 
Rham cohomology and the corresponding Lichnerowicz-twisted Poisson cohomology of 
M. 

Proof. Let to be the local, purely imaginary, connection 1-form on M associated to 

V ([11]) as follows. For any nowhere vanishing local section s of tt : K — ► M and any 

Y G r(TM), 

V y s = (lo,Y)s. (20) 

Then, the purely imaginary closed 2-form Q on M associated to Cy (19) coincides 
with du) (see, [8]) and ci(K, R) = [^O] = [^-du;]. Moreover, if X is the local purely 
imaginary vector field on M defined by (15), from the definition of D, we get that, for 
any a G T(T*M), 

D a s = V AKa) s (15 ^ 20) (a,X)s = (u,At(a))s 

{a,X)s = -(a,A fl (cj))s 
^ A = -A tt H. (21) 

Thus, if II is the purely imaginary bivector field on M associated to the curvature Co 
of D (14), we have 

n ( L%x ®-^a»h®a»(cL,). 

Consequently, 

[i_n]^ = [^(dca)]^ ® A»([^cL;]) = A»( Cl (K,R)). 

□ 
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4 Prequantization of twisted Poisson manifolds 



In this section, we will prequantize a twisted Poisson manifold (M, A, (p) by associating 
to each differentiable function on M an operator that acts on the space of cross sections 
of a Hermitian line bundle ir : K — > M. As we have mentioned in Introduction, this 
approach was first developed by B. Kostant [11] and J.M. Souriau [21] for symplectic 
manifolds and was extended by J. Huebschmann [6] and I. Vaisman [24] to Poisson 
manifolds, by M. de Leon et al. [13] to Jacobi manifolds and by A. Weinstein and M. 
Zambon [28] to Dirac manifolds. 

Let (M, A, if) be a twisted Poisson manifold and it : K — > M a Hermitian line bundle 
over M endowed with a contravariant derivative D whose curvature is Co- We define 
a representation ~ of the </?-twisted Lie algebra (C°°(M, R), {-, •}) on Endc(r(AT)) by 
associating to each / G C°°(M, R) a complex endomorphism / of T(K) that is defined, 
for any s G T(K), by 

/(a) = D df s + 2vri/ S . (22) 
Since (C°°(M,R), {■, •}) is not a Lie algebra, the map 

~: C°°(M,R) -» End c (r(A")) 
/ ~ / 

is no longer a homomorphism between (C°°(M, R), {-, •}) and (Endc(r(if )), [•, •]), where 
[-,-] denotes the usual commutator on Endc(r(if)), as the prequantization process 
requires. For this reason, we consider the subspace 

A = {/ € End c (r(K)) / / G C°°(M, R)} 

of Endc(r(AT)) and define on this the bracket 

[f,9f = [f,Sl] - D v (Ai(tf),At(dg),-)> f>9^ A, (23) 

where [/, g] = f°g—g°f, in order to obtain a faithful representation of (C°°(M, M), {-, •}) 
on(Ah-n- 

Proposition 4.1 T/ie representation ~ : (C°°(M, R), {•, •}) — > (A, [-,-]^) is a homo- 
morphism, i.e., for all f,g G C°°(M,R), 

{£3 = [/,r, (24) 

i/, and onZy i/, 

C D {df,dg) = -2iri{f,g}. (25) 
Proof. By a simple computation, using (22) and (11), we get 

[/, g] = f o g - g o / = D df o D dg - D dg o D d/ + 4yri{/, g}. (26) 
On the other hand, we have 

(22) 

if, 9} = D dag} + 27ri{f,g} 



(6)110) 
(13) 

(26) (23) 



D {df,dgY ~ D <p(Ai(df),AHdg),-) + 27T i{f,g} 

D d f o L> ds - D dg o D d/ - C D (d/, dg) 

- ^(Att(d/),A8(d 5 ),.) + 4vri{/,5} - 2iri{f,g} 

[f,g]V-C D (df,dg)-2iri{f,g}. 



Thus, (24) holds if, and only if, (25) holds. □ 
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Definition 4.2 We say that a twisted Poisson manifold (M, A, (p) is prequantizable if 
there exists a Hermitian complex line bundle tt : K — > M , the prequantization bundle, 
such that the operators (22) make sense on T(K) and satisfy (24)- 

Hence, according to Proposition 4.1 and the above Definition, the prequantization 
problem of a twisted Poisson manifold (M, A, (p) has a solution if, and only if, there 
exists a Hermitian complex line bundle tt : K — > M equipped with a contravariant 
derivative D whose the curvature Cd satisfies 

C D = -2mA. (27) 

We see that Cd must be purely imaginary, fact that obliges us to consider D compatible 
with the Hermitian structure of tt : K — > M. 



Theorem 4.3 A twisted Poisson manifold (M, A, (p) is prequantizable if, and only if, 
there exist a vector field Z on M and a closed 1-form $ on M, which represents an 
integral cohomology class of M , such that the following relation holds on M : 

A + c^Z = A«($). (28) 

Proof. We consider that (M, A, ip) is prequantizable. Then, there exists a Hermitian 
complex line bundle tt : K — > M with a Hermitian contravariant derivative D whose 
curvature Cd verifies (27), consequently 

A (29, 

where n is the purely imaginary, c^-closed, bivector field on M associated to Cd. On 
the other hand, let V be a Hermitian connection on tt : K —> M with curvature 2-form 
n, i.e., for all X,Y G T(TM) and s G T{K), C v {X,Y)(s) = Q(X,Y)s, that is purely 
imaginary and closed. So, <I> = is a real closed 2-form on M and represents the 
first real Chern class c\(K, R) of 7r : AT — ► M which is integral, i.e., ci(AT, R) = [<£] (see, 
section 3). Now, we consider the Hermitian contravariant derivative D on tt : K — > M 
defined by V, i.e., for any a G r(T*M), D a = V^j( Q ). Let fl be the purely imaginary 
bivector field on M associated to C D as in (14). According to Theorem 3.6, we have 

A»([$]) = [^fip ( M- [A«($)]v = [^fip. But, property (iii) of Theorem 3.4 yields 
[n]^ = [n]^, which means that there exists a purely imaginary vector field W on M 
such that fi = n + d^W '. Hence, 

_Ln = -^n + ^-d v w <* a»($) = a + d v z, 

2tt Ztt Itt 

where Z = ^W. 

Conversely, we assume that there exist a vector field Z and a closed 2-form <1> 
on (M, A, (/?) such that (28) is true on M. Then, there exists a Hermitian complex 
line bundle tt : K — > M over M equipped with a Hermitian connection V having as 
curvature 2-form the purely imaginary closed 2-form — 2iri&. Using V, we define a 
contravariant derivative D : T{T*M) — > End c (r(AT)) on tt : K — > M as follows: for all 
a G r(T*M) and s G T(K), 

D a s = V A t( a - ) s + 2Tri(a,Z)s. (30) 
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By a straightforward computation, we can prove that D is Hermitian. Also, we have 
that its curvature C 5 satisfies (27). In fact, for all a,f3 G T(T*M) and s G T(K), 

{D a o Dp — Dp o D a — D {a ^ }v ){s) 

A*(V A 8 (/3) s + 27u(/3, - U/3(V A it( a )S + 27ri(a, Z)s) 

- V A tt({ a ,/3}^)S - 2ni{{a, /3} v , Z)s 

VAtt( a )(V A tt (/3 )S + 2m(p, Z)s) + 27ri(a, Z)(V A « (/3) s + 2vri(/3, Z)s) 

- V A s( / 3)(V A j( a) s + 2vni(a, Z)s) - 2vri(/3, Z)(V At t( a) s + 2vri(a, Z)s) 

- V [Af(a),A«(/3)] s - 2^({a, Z)s 

C v (A»(a), A»(/3))a + 27u(A B (a)(/3, Z> - A*(/?)(a,Z) 
-({a,/3r,Z)) S 

-2vrz$(A tt (a), A tt (/3))s + 2irid v Z(a, 0)s 
— 27riA(a, 

whence we conclude that (M, A, ip) is prequantizable. □ 

Remark 4.4 Since the first Chern class of a complex line bundle over a differentiable 
manifold M is a complete invariant used to classify complex line bundles over M, i.e., 
there is a bijection between the isomorphism classes of complex line bundles over M and 
the elements of H% R (M, Z) ([8]), we have that K is not unique. Any other Hermitian 
complex line bundle over M isomorphic to K can be viewed as a prequantization bundle 
of (M,A,<p). 

4.1 Examples 

1 ) Poisson manifolds: Let (M, A, <p) be a twisted Poisson manifold such that A"(<p) = 0, 
i.e. (M, A) is a Poisson manifold. Then, the cotangent bundle T*M of M is equipped 
with two different Lie algebroids structures ({•,•}, A") and ({■, -j^, A" ) whose the brack- 
ets are given, respectively, by (7) and (6). If D is a contravariant derivative on an 
Hermitian complex line bundle n : K — > M over M, then its curvatures Rd and Cd 
with respect to {•, •} and {•, - j 1 ^, respectively, are related, for any a, (3 G r(T*M), by 

C D (Q, (3) = R D (a, (3) - I^(AI!(a),A« (/?),-)• ( 31 ) 

Hence, according to Definition 4.2, Proposition 4.1, and the formulae (23) and (31), 
we conclude that (M, A) is prequantizable as Poisson manifold ( [24] ) if and only if 
(M, A, (p) is prequantizable as twisted Poisson manifold. 

2) Twisted Poisson manifolds associated to symplectic manifolds I: Any twisted Poisson 
structure (A, tp) on a 2n-dimensional differentiable manifold Mo, n > 2, constructed by 
a symplectic structure loq on Mo as in Example 2 of the subsection 2.1, i.e. A = /Ao 
and 99 = —f~ 2 LUo A d/, where Ao = A (tJo) and / is an arbitrary non constant function 
on Mo, is not prequantizable. We will prove that the prequantization equation (28) 
has not solutions on Mo- We note that every vector field Z on Mo can be written as 
Z = A (a) with a G T(T*M). Therefore, 

A + d v Z = Al(foj - f da- a Adf). (32) 



C D (a,(3)(s) { = ] 

(30) 



(30) 



(3)(28) 
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On the other hand, if there exists a closed 2-form <E> on Mq such that, for a particular 
vector field Z on Mq, A + d^Z = A"($) = / 2 A Q (<1>), then, taking into account (32) and 



But, in this case, d<& = —f 2 uoq A df = ip ^ 0, for any non constant function / on Mq. 
Thus, (Mo,A,ip) is not prequantizable. 

3) Twisted Poisson manifolds associated to symplectic manifolds II: Let (M, A, ip) be a 
twisted Poisson manifold constructed by a symplectic manifold (Mo,cuo) as m Example 
3 of the subsection 2.1, i.e., M = Mq x R, 



t being the canonical coordinate on R and / G C°°(Mo,R). We assume that the 
symplectic structure ujq is of the particular type ojq = dao — ao A df, where ao is a 
convenient 1-form on Mq, i.e., ao is a 1-form on Mq such that ujq = dctQ — ao A df is 
nondegenerate and oIujq = —daoAdf = 0. Then, (M, A, 9?) is prequantizable. Effectively, 
if we take Z = d/dt and $ = <i(e~*ao), which represents the integral cohomology class 
[0] G Hj R (M,M.) of M, after a simple computation we obtain that (28) holds on M. 

4) Exact twisted Poisson manifolds: Let (M, A, ip) be an exact twisted Poisson manifold, 
namely, there exists a vector field X on M such that A = d^X, fact that is equivalent 
to [A] v = [0]^ G H\„ tp (M). Then, (M,A,<p) is prequantizable. The vector field 
Z = —X and the 2-form $ = satisfy the prequantization condition (28). The trivial 
complex line bundle ir : M x C — > M, whose space of global cross sections T(M x C) 
is equal to the set C°°(M, C), equipped with the usual Hermitian metric h, i.e., for 
any s\,S2 G C°°(M, C), /i(si,S2) = siS2 ; and the compatible with h contravariant 
derivative D given, for any a G T(T*M) and s G C°°(M,C), by -D a s = Af(a)s, is a 
prequantization bundle of (M, A, <p). 

5) Twisted Poisson structures induced by twisted Jacobi manifolds: Let (Mo, Ao, <1ujq) be 
the twisted Poisson manifold constructed by a twisted Jacobi manifold (M, A, E, w*loq) 
in Example 4 of the subsection 2.1. Let r\ be the 1-form along Mq that verifies i(E)r/ = 1 
and i(X)r] = 0, for any vector field X on M tangent to Mq. By integration along the 
integral curves of E and by restriction, if necessary, of the tubular neighbourhood U 
of Mq in M, we can construct a function h on M such that /i|m = an d i(E)dh = 1, 
hence dh\M = ??• Let X/j = A^(dh) + /i-E be the Hamiltonian vector field of h with 
respect the twisted Jacobi structure (A, E) on M. Since [E, A](dh, •) = 0, we have 
[.E, Xh] = E, whence we conclude that X^ is projectable along the integral curves of 
E onto Mq. Let Zq be its projection, i.e. Zq = w^X^ = w^A^idK)) = A^(j]). The 
differential operator of first order Xh — 1 verifies (see in [15] Propositions 3.1 and 3.5), 
for any f,g G C°°(M,R), the relation 



By projection, we obtain that the first order differential operator Zq — 1 verifies, for 




A = e t (A + A«(d/)A-) and <p 



= — e luq A dt, 



{X h -l){f,g} 



{h,{f,9}} 

{{h,f},g} + {f,{h,g}} 

+ A i (zu*duJo)(dh,df,dg) + A\w*uq) A E{dh, df, dg). 



any/o,5oGC 00 (M ,R) 
(Z -l){/o,3o} 



{(Z -l)/o,3o} + {7o,(^o-lk)} 
-dujQ(ZQ,Al(dfQ),Al(dgQ))+u J Q(Al(dfQ),Al(dgQ)). 
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From the above relation, after a simple computation, we get 

A + d duo (-Z ) = Al(u ). 

If luq is closed and represents an integral cohomology class of Mq, then, the last equation 
means that the induced twisted Poisson structure (Ao, du>o) = (Ao, 0) is a prequantizable 
Poisson structure on Mq. (For more details, see [17].) 

6) A r-matrix type twisted Poisson structure: We consider the twisted Poisson structure 
of the Example 4.8 in [10] (see, also Example 5 in [9]). Let Q be the subalgebra of the 
Lie algebra of GL(3,R) spanned by {e^ / 1 < % < 2, 1 < j < 3}. We denote by 
1 1 < i < 2, 1 < j < 3} the dual basis of its dual space Q*. The pair (r, ip), where 

r = en A e 22 + ei 3 A e 23 and 99 = -(e n + e 22 ) A e* 3 A e 23 , 

defines a twisted Poisson structure on Q. It is easy to check that 92 is closed and 
|[r,r] = r^(ip). We will show that (r,ip) is not prequantizable on Q. After a simple, 
but long, computation, we prove that the space of closed 2-forms of Q is spanned by 
{( e ii _e 22) Ae i2i ( e n _e 22) Ae 2H e i2 Ae 2il an d that, for any such form $ of Q, r tt ($) = 0. 
On the other hand, for any vector Z = Kj e ij> \j £ ^> °f we have 

r + = -Ai 2 en A e 12 - Ai 3 en A ei 3 + A 2 ien A e 2i + en A e 22 + Ai 2 e i2 A e 22 

+ (1 - A i2 + A 2 i)ei 3 A e 23 - A 2 ie 2i A e 22 + A 23 e 22 A e 23 / 0. 

Hence, we conclude that the prequantization equation (28) has not a solution (Z, <3?) 
on g. 

5 Quantization 

The second step of the geometric quantization of a twisted Poisson manifold (M, A, 99) 
is the construction of a Hilbert space out of its prequantization space T(K) on which 
a convenient 99-twisted Lie subalgebra of the (^-twisted Lie algebra (C°°(M, M), {•, ■}) 
will be represented irreducibly. For this reason, we introduce the notion of polarization 
([20], [29]) of (M,A,ip) as follows. 

We consider the complexification T*M ®C of the cotangent bundle T*M of M and 
we endow the space of its cross sections T(T*M <S> C) with the natural extension of the 
bracket (6), also denoted by {-, ■}*>. Then, (T*M®C, {■, ■}*, A»), where A' : T*M®C -» 
TM®C is the natural extension to T*M(g>C of the vector bundle map given by (2), is a 
complex Lie algebroid over M, in the sense of [3], and (T(T*M<S)C), {•, ■} ip ) is a complex 
Lie algebra. We define a polarization of (M, A, ip) to be a complex Lie subalgebra V 
of (T(T*M ® C), {•, such that, for all a,/3£V, 

A(a,f3) = 0. 

When T 7 is fixed, we set 

P(V) = {/ £ C°°(M, M) / {df, a} 1 ^ G T 7 , for all a e V} 

and we consider the subset PiV) of -P('P) x P(V) given by 

P(P) = {(/, g) € P(P) x P(V) \ A(P(P) x P(P)) / 

{p(At(df),At(dg),-),a}'0 G P, for all a G p|, 
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where A(P(V) x P(V)) denotes the diagonal of P{V) x P(V). Clearly, P{V) is sym- 
metric with respect to A(P(P) x P{V)). If Q(V) is the projection of P{V) on P(V), we 
have that (Q(V), {; ■}) is a 93-twisted Lie subalgebra of (C°°(M, R), {•, •}) which will 
be called the subalgebra of the straightforwardly quantizable observables of (M,A,<p). 
Obviously, if ip = 0, from the above definitions we obtain those given in [24] for Poisson 
manifolds. 

Now, in order to build a Hilbert space out of T(K) on which the quantum operators 
corresponding to the elements of Q(V) act, we apply a classical method in geometric 
quantization using the line bundle of complex half-densities of M. 

Let P be the half- density bundle associated to TM. It is well known ([2], [22], [26]) 
that its cross sections g, called half- densities of M, are complex valued maps defined 
on the set B{TM) of basis of F(TM) such that, for any x G M, e x G B{T X M) and 
A x G GL(T X M), 

Qx{e x A x ) = g x (e x )\detA x \ 1/2 . 

Since GL(T X M) acts transitively on B(T X M), g x is determined by its value on a single 
basis of T(T X M). As a result, we have that P is a complex line bundle over M which 
is defined by the transition functions that are the square roots of the absolute values 
of the Jacobians of the coordinate transformations X{ = Xi(xj), i.e. \dxj /dx^ 1 / 2 . The 
Lie derivatives C of g are defined as for tensors fields on M, (see, [26]). 

We assume that (M, A, <p) is a prequantizable twisted Poisson manifold. Let ir : 
K — ► M be its prequantization bundle, h the Hermitian metric on tt : K — > M and 
D a compatible with h contravariant derivative on tt : K — > M whose curvature Cd 
verifies (27). Using the properties (10), (11) of D and those of £, we can extend D to 
a mapping, also denoted by D, 

D : r(T*M ® C) End c (r(K <g> P)) 

by putting, for any a G T(T*M <8> C) and s G T(K P), 

£> a (s <8> £») = D a s <8> £» + s (gi £ A tt( a )£». (33) 

Therefore, the representation^: (C°°(M, R), {•, •}) -> End c (r(^T)) given by (22) can 
be extended to a representation of (C°°(M, R), {•, •}) on r(i^T (g) V), also denoted by"', 
by setting, for all / G C°°(M, R) and s g G r(K (g) P), 

/(a®e) = D ( y(s®e) + 27rt/(s®e). (34) 

Because of (33), (34) can be written as 

f(s ®g) = (f(s)) (g g + s (g £ A i(df)S- (35) 

Thus, taking into account (35), (24), (6), the property of the anchor map A^ and that of 
the Lie derivative, we can easily check that the prequantization condition (24) remains 
true, i.e., for any f,g G C°°(M,R) and s <g p G r(K (g P), 

{/^(s®e) = [/,5] v '(*®e)- 

Furthermore, applying (34), (33), (13) and (27), we deduce that 

D a (f(s ®q)) = f(D a (s ® £?)) - Z? w , Q}v (s ® e ), (36) 
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for all a G Y(T*M <8<C), / G C°°(M,R) and s <8> g G r(if Z>). 

Now, for a fixed polarization P of (M, A, </>), we consider the subset Hq of T(K®V) 
given by 

H = {s <8 q G r(K ® D) / £> a (s ® g) = 0, for all a G P}, (37) 

and we assume that 7Yo ^ {0}, which is a Bohr-Sommerfeld type condition (see, [20]). 
We have that, for any / G Q(P) and s®g £ Ho, /(s <8> £?) G Tto- In fact, for every 
a G P, {df, a} v G P and D a (s <8> £>) = 0. Hence, according to (36), we get 

A»(/(s ® *?)) = /(A»(* ® e)) - %/,a}^(s ® e) = />) -0 = 0, 

which means that /(s (8) £>) G 7Yo- Consequently, /|w : 7~to — > Ho is we h defined for any 
/ G Q(V). Thus, Ho can be viewed as a quantization space for Q(P). 

Next, we distinguish the following cases. 

If M is compact, then, 7io equipped with the inner product 

{si® qi,s 2 ® Q2) = h(s 1 ,s 2 )giQ2, (38) 
Jm 

h being the Hermitian metric on tt : K — > M and bar denoting the complex conjugation, 
is a pre-Hilbert space. Moreover, the operators / defined by (34) or (35) are anti- 
Hermitian with respect to (38). This results as follows: 

(35) 

{f(si ® Ql),S 2 ® Q 2 ) + (Si ® Ql,f(s2 ® Q 2 )) = 

(38) 

((/Sl) <8> 01 +Si ® C At{df) Qi,S2 ® Q2) + (Si <8) 01, (/S 2 ) (8> £>2 + «2 ® £ A S(d/) Q 2 ) = 

([h(fsi,s 2 ) + h(s 1 ,fs 2 ))giQ2 + ^(«i, S2)((^Att( d /)^i)^2 + £i(£ A 8( d /)f?2))) ( = ) 

J ( K ^(df)(h(s 1 ,S 2 ))QlQ2 + h(si,S2)((£ A t( df) Ql)Q2 + 01 (^Ai(df) <h)) ) = 

/ ^Ki(df){h{si,s 2 )Q\Q2) = 0, (39) 

where the last equality is true because of the density version of Stokes' Theorem ([23], 
[22]). If we require the quantization space for Q(P) is a Hilbert space, we take the 
completion H of TLq. In order to obtain Hermitian operators on H, we prolong / on 
H so that the obtained operators are anti-Hermitian and then we multiple these by i. 
Then, condition (24) is true up to the constant factor i. 

If M is not compact, we consider the subalgebra Po of (T(T*M), {-, •j^) whose 
complexification is P n P (so, for all a, j3 G Po, A(a, (3) = 0) and we postulate A"(Po) 
to defines a regular foliation T of M whose the leaf space N = MjT is a Hausdorff 
manifold. We can easily show that, for any / G Q(P) and a G Po, {df, a} v G Po- 
Therefore, for any / G Q(P), the Hamiltonian vector field A^(df) is projectable with 
respect to A*(P ) onto N (we have, for all a G P , [A^ (df) , A^(a)} = A^({df,aY) G 
A^(Pq)). Also, if w : M — > A" denotes the canonical projection of M onto AT, we have 

f{s®m*g N ) = (fs)®m*Q N + s®£ At ( df) (zu*Q N ) 

= (fs) ® w*^ + s ® «7*(£ w ,(A»(#))ftv)> (40) 

for all s G T(A') and 0^ a complex half-density of N. The last equality permits us, 
instead of using arbitrary half-densities of M for the construction of TCo, to use T- 
transversal half-densities of M that are the pull-back under w of half-densities of N. 
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Then, for any a € Vq and g N complex half-density of N, C A t^(w* g N ) = 0. Using 
this fact, (12), (33) and (37), we have that, for all s\ <8> w*gi N ,S2 <X> w* q 2n € Hq and 
a e Vq, 

£M(a)( h ( s l, s 2) w *eiN W *02N) = °> 

which means that h(s±, S2)tu* g± N w* §2 N can be projected to a complex 1-density 5n 
of N (the multiplication of two half-densities yields a 1-density). Hence, Ho can be 
replaced by its subspace Hq formed by the sections that are projectable to TV and 
whose projection has as support a compact subset of N. In general, we may expect 
that Hq ^ {0}. In this case, Hq endowed with the inner product 

(si ®ZtJ*Qi N ,S 2 ®ru*Q 2 N ) = / S N 

Jn 

is a pre-Hilbert space. Furthermore, working as in (39), we prove that, for any / € 
Q(V), the corresponding operator / verifies 

(/(Si <g) W*Q 1n ),S 2 ®W*Q2 n ) + (Si ®W*Q 1n J{s 2 ®VJ*Q2 n )) = J^^At(df) S N = 0, 

whence we deduce the anti-Hermitian character of /. In order that the quantization 
space of Q(V) be a Hilbert space and in order to obtain Hermitian operators on this 
space, we proceed as in the compact case. 



5.1 Example 

Below, we will study the quantization of the prequantizable twisted Poisson manifold 
(M, A, ip) presented in Example 3 of paragraph 4.1. 

We have (M, A, ip) = (M x R, e*(A + A (d/) A Jj), -e"*w Adt), where (M , u ) = 
(M , da -a A df) is a symplectic manifold, with a £ T(T*M ) and / € C°°(M,R), 
Ao = Aq(ojo) and t is the canonical coordinate on R. As we have seen, a solution of 
(28) is (Z,$>) = (d/dt, d(e~ t ao)), therefore, the prequantization bundle of (M,A,tp) is 
the trivial complex line bundle ir : M x C — ► M equipped with the usual Hermitian 
metric h and the Hermitian contravariant derivative D defined, for any a £ T(T*M) 
and s € T(M x C) = C°°(M, C), by 

D a s = A\a)s. (41) 

We take Mq = R 2ri , n > 2. Let (x±,X2, ■ ■ ■ ,X2 n ) be a local coordinates system of 
Mo in which cjo = dao — ao A df has the Darboux's expression, i.e., 

n 

lo = ^2 d%2k-\ A dx 2 k- 
k=i 

Hence, 

t/v^ 9 d J^. df d df d . d, 

A = e (J! 7i A 75 + T> ~^~7i A Ju) 

t^OX 2 k-l OX 2 k OX 2 k-lOX 2 k OX 2 k OX 2 k-l of 

k=l k=l 

and 

n 

<p = — e~* ( ^2 dx2k-i A dx 2 k A dt) . 
k=i 
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Using the identifications M = R 2n x R = C n x R, z k = x 2 k-i + ix 2k an d ^fe = 
x 2 k-i ~ ix 2 k, k = l,...,n, which give us dx 2k -i = \{dz k + dz k ), dx 2k = -^(dz k - dz k ), 

ZteJbr = & + afe and 9% = *( A " afe)' we obtain that ' in the com P lex coordinates 
(zi, . . . , z n , t) of M, the pair (A, tp) is written as foliows: 

A 2' *fV^ ® A ^ V"7 ^ ^ ^ ) A ^ ) 

^f-^ dz k dz k f- ' dz k dz k dz k dz k dt'' 

k=l k=l 

n 

(f = ~2 e t ( ^ Zk ^ ^ ^) " 
k=l 

We observe that a convenient polarization of (M, A, ip) is V = sp&n{dzi, . . . , dz n }. 
Then, the set P(V) consists of the functions g G C°°(M,R) for that {dg,dz k Y G P, 
for any fc = 1, . . . , n. After a computation, we get that the coefficient of dt in {dg, dzk}^ 
is annihilated. Thus, {dg, dz^ G if, and only if, its coefficients of dzi, I = 1, . . . , n, 
are annihilated, i.e., 

— (-— + — — ) + ——-— — — = VI = 1 n (42) 
<9z/ 5zfc <9t <9z/ 5zfc <9zz <9i ' 

Now, we consider the set P{V) C P(V) x P('P) of the pairs (gi,g 2 ) of different solutions 
of the system (42) for that {p(A$(dgi), A$(dg 2 ), •), dz k Y G T 3 , for any k = l,...,n, and 
we take its projection QiV) on P(V). The set Q('P) is the one of straightforwardly 
quantizable observables of (M,A,ip). We note that a solution of (42) is g\ = f + t. 
Since A$(dgi) = 0, 

{<p(A"(d<7i), A"(d<7 2 ), •)) = M0 I A«(dg 2 ),-) 1 cfe fc } v = {0, dz k }* = G P, 

for any other #2 G -P('P) and any cfefc, fe = 1, . . . , n. So, / + t G Q{V). 

Next, we have to determine the corresponding quantization space Wo for Q{V). The 
bundle P of complex half-densities over M = C n x R is also trivial and it has a basis 
that can be written formally as f3 = \v | 1//2 , where 

i 

u = dxi A ... A <ia;2n Adt = (-) n dzi A ... A dz n A dz\ A ... A dz n A dt. 

Hence, taking 1 as the unitary basis of K = M x C, we have that any section s <8> g 
of K ®V can be written as s <g> £ = 1 <g> (x/3), where x G C°°(M, C). Let £> be the 
extension (33) of the Hermitian contravariant derivative on tt : K — > M given by (41). 
Then, according to the formula = \{d\vX)f3 presented in [23] (see, also [26]), we 
get 

D dZk (l ® (x/3)) = 1 ® C M{dZk) ( X P) = 1 ® (C AHdZk)X + |divA"(d^))/3 = 
if, and only if, 

C AHdZk) X + ^div^(dz k )=0. (43) 

But, 

A\dz k ) = -2ic*(^- - |^) and divA»(<fe fc ) = 2ie*^. 
Thus, (43) is equivalent to 

dx d£dx X df = Q 
dz k dz k dt 2 dz k 



17 



whose two solutions are the functions x = e2 an d X = e2 • Consequently, the quanti- 
zation space Tto is 

H„ = {l»(x/3) 6 r ( A- 8 D)/-g + £| + f£=0, V* _!,...,„} ^{0}. 

For the elements of TCq and for g £ Q{V), taking into account (22) and (35), we obtain 
the quantum operator 

S(l ® (x/?)) = (2vriffx + A(d 5 , cZ X ) + |divA»(d</)) (1 ® /?). 

Furthermore, the inner product of two elements 1<8)(xiP), l®(X2/0) of Hq with compact 
support is 

(1 ® (xi/3), 1 ® (X2/?)) = / 

JM 
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